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Abstract 

The goal of this expository article is to present a proof that is as direct and elementary as pos- 
sible of the fundamental theorem of complex multiplication (Shimura, Taniyama, Langlands, 
Tate, Deligne et al.)- 

The article is a revision of part of my manuscript Milne 2006. 
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Introduction 

A simple abelian variety A over C is said to have complex multiplication if its endomorphism alge- 
bra is a field of degree 2 dim A over Q, and a general abelian variety over C is said to have complex 
multipUcation if each of its simple isogeny factors does. Abelian varieties with complex multipli- 
cation correspond to special points in the moduli space of abelian varieties, and their arithmetic 
is intimately related to that of the values of modular functions and modular forms at those points. 
The fundamental theorem of complex multiplication describes how an automorphism of C (as an 
abstract field) acts on the abelian varieties with complex multiplication and their torsion points. 

The basic theory of complex multiplication was extended from elliptic curves to abelian varieties 
in the 1950s by Shimura, Taniyama, and WeilQ The first result in the direction of the fundamental 
theorem is the formula of Taniyama for the prime-ideal decomposition of an endomorphism of an 
abelian variety that becomes the Frobenius map modulo pH In their book Shimura and Tanivamal 



19611. and in various other works, Shimura and Taniyama proved the fundamental theor em for au 



tomorphisms of C fixing the reflex field of the abelian variety. Except for the result of iShih 1976L 



no pro gress was made o n the problem of extending the theorem to all automorphisms of C until the 



article iLanglands 1 19791 . In that work, Langlands attempted to understand how the automorphisms 



'Copyright © 2006, 2007. J.S. Milne. 

'See the articles by Shimura, Taniyama, and Weil in: Proceedings of the International Symposium on Algebraic 
Number Theory, Tokyo & Nikko, September, 1955. Science Council of Japan, Tokyo, 1956. 
^Ibid. p21 (article of Weil). 
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of C act on Shimura varieties and their special points, and in doing so he was led to define a cocycle 
that conjecturally describes how the automorphisms of C act on abelian varieties with complex mul- 
tiplication and their torsion points. Langlands's cocycle en ables one to give a precise conjectural 



statement of the fundamental theorem over Q. iTatd (|198lh gave a more elementary construction 



of Langlands's cocycle and he proved that it did indeed describe the action of Aut(C) on abelian 
varieties of CM-type and their torsion points up to a sequence of signs indexed by the primes of 
Q. Finally, behgne 1982 showed that there exists at most one cocycle describing this action of 
Aut(C) that is consistent with the results of Shimura and Taniyama, and so completed the proof of 
the fundamental theorem over Q. 

The goal of this article is to present a proof of the fundamental theorem of complex multiplica- 
tion that is as direct and elementary as possible. 

I assume that the reader is famiUar with some of the more elementary parts of the theory of 
complex multiplication. See Milne 20061 for more background. 



Notations. 

"Field" means "commutative field", and "number field" means "field of finite degree over Q" (not 
necessarily contained in C). The ring of integers in a number field k is denoted by O^, and k^^ 
denotes an algebraic closure of a field k. By C, I mean an algebraic closure of R , and Q*^^ is the 
algebraic closure of Q in C. Complex conjugation on C (or a subfield) is denoted by l. 
For an abelian group X and integer m, Xm = {x ^ X \ mx = 0}. 

An etale algebra over a field is a finite product of finite separable field extensions of the field. 
When E is an etale Q-algebra and is a field of characteristic zero, I say that k contains all 
conjugates of E when every Q-algebra homomorphism E k^^ maps into k. This means that 
there are exactly [E : Q] distinct Q-algebra homomorphisms E —>■ k. 

Rings are required to have a 1, homomorphisms of rings are required to map 1 to 1, and 1 is 
required to act as the identity map on any module. By a fc-algebra (k a field) I mean a ring B 
containing k i n its centre. 

Following iBourbakillTQ. I §9.1, 1 require compact topological spaces to be separated. 



1 Preliminaries 

CM-algebras; CM-types; reflex norms 

A number field E is said to be a CM-fleld if there exists an automorphism le / 1 of such that 
po le = top for every embedding p of E into C. Equivalently, E = -F[\/a] with F a totally real 
number field and a a totally negative element of F. A CM-algebra is a finite product of CM-fields. 

For a CM-algebra E the homomorphisms E ^ C occur in complex conjugate pairs {(/?, l o ip}. 
A CM-type on is a choice of one element from each pair. More formally, it is a subset $ of 
Hom(£;, C) such that 

B.om{E, C) = ^Ut^ (disjoint union). 

A CM-pair is a CM-algebra together with a CM-type. 

Let {E, be a CM-pair, and for a ^ E, let Tr$(a) = Y.^e'i> ^{^) ^ C. The reflex fleld E* 
of {E, ^) is the subfield of C generated by the elements Tr$(a), a G It can also be described as 
the fixed field of {a G Gal(Q^VQ) I = 
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Let {E, $) be a CM-pair, and let khe a subfield of C. There exists a finitely generated E (giQ k- 
module V such thaj^ 

Trk{a\V) = Tv^{a) for all a G ^ (1) 

if and only if k D E*,m which case V is uniquely determined up to an E fc-isomorphism. For 
example, if k contains all conjugates of E, then V must be 0(^g^ where k^p is a one-dimensional 
/c-space on which E acts through ip. 

Now assume that k has finite degree over Q, and let V$ be an E (8)q fc-module satisfying ([T]). 
An element a of A; defines an £'-linear map v h->- av : V —>■ V whose determinant we denote by 
det£;(a|V$). If a G k^, then det£;(a|V$) G E^ , and so in this way we get a homomorphism 

iVfc,$: k"" ^ E"". 

More generally, for any Q-algebra R and a ^ {k CgiQ i?) ^ , we obtain an element 

det£;cg.Qij(a|V$ R) G (giQ i?)^, 

and hence a homomorphism 

Nk,^ {R): {k®QRY ^ {E ®Q R) ^ 

natural in R and independent of the choice of V$. It is called the r eflex norm. W hen k = E* , we 
drop it from the notation. The following formulas are easy to check ( Milne 20061. §1): 



Nk,<!, = moNuik/E*, (2) 

(/c C C is a finite extension of E*); 

Ncs>{a) ■ iENq>{a) = Nmfc^^jR/R(a), all a G {k®QR)^, (3) 

{R is a Q-algebra); 

NkAa) = n^g^^"^(^™fc/v-Ea), a G fc^, (4) 

(A; C C is a finite extension of E* containing all conjugates of E). 

From (01), we see that N^^^ maps units in Ok to units in Oe when contains all conjugates 
of E. Now (O shows that this remains true without the condition on k. Therefore, A^jt^<j> is well- 
defined on principal ideals, and one sees easily that it has a unique extension to all fractional ideals: 
if = (a), then Nk^^{a) = iVfe,$(a)i/^. The formulas (I2l3l4l) hold for ideals. If is a fractional 
ideal of E* and is a number field containing all conjugates of E, then (HJl applied to the extension 
o' of to a fractional ideal of k gives 

iV<,(a)['=^ = n ^V'-'CNm./^^a'). (5) 



Riemann pairs; Riemann forms 

A Riemann pair (A, J) is a free Z-module A of finite rank together with a complex structure J on 
M A (i.e., J is an M-linear endomorphism of A with square —1). A rational Riemann form for a 
Riemann pair is an alternating Q-bilinear form ifj : Aq x Aq Q such that 

(x, y) ^ ip^{x, Jy) : Am X Ak ^ M 

^To give an E ®q fc-module structure on a Q-vector space V is the same as to give commuting actions of E and k. 
An element a of i5 defines a fe-linear map v i— > ow : V —> V whose trace we denote by Tr^ (a | V) . 
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is symmetric and positive definite. 

Let {E, <I>) be a CM-pair, and let A be a lattice in E. Then $ defines an isomorphism 

e (g) r 1-^ ((/?(e)r)^g$ : E (^qR ^ C*, 

and so 

A ®z M ~ A ®z Q ®Q K ~ ^ ®Q M ~ C*, 
from which A ®z ^ acquires a complex structure J$. An a G E^ defines a Q-bilinear form 

(x, y) ^ TiE/Qiax ■ lev) : E x E ^ Q, 

which is a rational Riemann form if and only if 

leck = —a and Q{ip{a)) > for all 99 G (6) 

every rational Riemann form is of this form for a unique a. 

Let F be the product of the largest totally real subfields of the factors of E. Then E = F[a\ 
with G F, which implies that leo = —a. The weak approximation theorem shows that a can 
be chosen so that 9((/?a) > for all (/? G ^. Thus, there certainly exist as satisfying and so 
(A, J$) admits a Riemann form. 

Let a be one element of E'^ satisfying Q. Then the other such elements are exactly those of the 
form aa with a a totally positive element of F^. In other words, if is one rational Riemann form, 
then the other rational Riemann forms are exactly those of the form at/^ with a a totally positive 
element of F^. 

Abelian varieties with complex multiplication 

Let A be an abelian variety over a field k, and let E be an etale Q-subalgebra of End'^(yl) = 
End(y4) (giQ.lfk can be embedded in C, then EndP{A) acts faithfully on Hi{A{C),Q), which has 
dimension 2 dim A, and so 

[F:Q]<2dim^. (7) 

In general, for £ ^ char k, End'^(^) ®q acts faithfully on VeA, which again implies (|7]). When 
equality holds we say that A has complex multiplication by E over k. More generally, we say that 
{A, i) is an abelian variety with complex multiplication by E over /c if i is an injective homomor- 
phism from an etale Q-algebra E of degree 2 dim A into End'^(A) (recall that this requires that i(l) 
acts as id^; see Notations). 

Classification up to isogeny 

1 . 1 Let A be an abelian variety with complex multiplication, so that End" {A) contains a CM- 
algebra E for which Hi{A, Q) is free E'-module of rank 1, and let $ be the set of homomorphisms 
E —>■ C occurring in the representation of E on Tgto(^), i.e., Tgto(^) — ©<^g<j, C^p where C<^ is 
a one-dimensional C-vector space on which a £ E acts as ip{a). Then, because 

Hi{A,R) ~ Tgto(A) e Tgto(A) (8) 

is a CM-type on E, and we say that A together with the injective homomorphism i: E ^ 
End°(^) is of type (E,^). 
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Let e be a basis vector for Hi{A, Q) as an £'-module, and let a be the lattice in E such that 
ae = Hi{A, Z). Under the isomorphism (cf. ([8])) 

e 1 < > e^, , e^oifi • • •) 
where each is a C-basis for C^. The determine an isomorphism 

and hence a commutative square of isomorphisms in which the top arrow is the canonical uni- 
formization: 

Tgto(A)/A > A 



(9) 



C*/^>(a) A^ 



Proposition 1.2 The map {A, i) i— > {E, gives a bijection from the set of isogeny classes of 
pairs [A, i) to the set of isomorphism classes of CM-pairs. 

Classification up to isomorphism 

Let {A, i) be of CM-type {E, Let e be an £'-basis element of Hi[A, Q), and set Hi{A, Z) = ae 
with a a lattice in E. We saw in (11.11 ) that e determines an isomorphism 

9: {A^,i^) ^ {A,i), ^$ = C*/«>(a). 

Conversely, every isomorphism C*/<I>(a) A commuting with the actions of E arises in this way 
from an i?-basis element of Hi{A, Q), because 

Ec^H^{A^,Q)^Hi{A,q). 

If e is replaced by ae, a £ E^ , then 6 is replaced by o a^^. 

We use this observation to classify triples {A, i, t/j) where A is an abelian variety, i: E ^ 
End'^(A) is a homomorphism making Hi{A^ Q) into a free module of rank 1 over the CM-algebra 
E, and ip is a. rational Riemann form whose Rosati involution stabilizes i{E) and induces z.^; on it. 

Let : C*/<I>(a) ^ ^4 be the isomorphism defined by some basis element e of Hi{A, Q). Then 
(see p|4l>> there exists a unique element t ^ E^ such t hat ilj(xe,ye) = Tr^/Q{txy). The triple 



{A, i, ip) is said to be of type {E, $; o, t) relative to 9 (cf. IShimuralll97ll . Section 5.5 B). 



Proposition 1.3 The type {E, a, t) determines {A, i, ^p) up to isomorphism. Conversely, {A, i, -0) 
determines the type up to a change of the following form: if 9 is replaced by 9 o a^^ , a ^ E^ , then 
the type becomes {E, aa,t/aa). The quadruples {E, ^■,a,t) that arise as the type of some triple 
are exactly those in which {E, $) is a CM-pair, a is a lattice in E, and t is an element of E^ such 
that LEt = -t and Q{(p{t)) > for all £ ^. 

Proof. Routine verification. □ 
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Commutants 

Let A have complex multiplication by E over k, and let 

R = EnEnd{A). 

Then R is an order in E, i.e., it is simultaneously a subring and a lattice in i?. 

Let g = dim^, and let £ be a prime not equal to char A:. Then T^A is a Z^-module of rank 
2g and ViA is a Q^-vector space of dimension 2g. The action of R on T^A extends to actions of 

Rf, R 02 on T^^ and of Ee = Qe E on Vg^. 

Proposition 1.4 (a^ The Ei-module ViA is free of rank 1. 
(b) We ijave 

= £;^nEnd(rM)- 

Proof, (a) We have already noted that Ei acts faithfully on V^A, and this implies that ViA is free 
of rank 1. 

(b) Let a be an element of Ei such that a{TiA) C TiA. For some m, P^a G and if /? G 
is chosen to be very close ^-adically to £™a, then l3TiA C P^TiA, which means that [3 vanishes 
on Ai^. Hence (3 = £"^ao for some ao G End(A) n E = R. Now a and oq are close in Ef, in 
particular, we may suppose a — oq G -R^, and so q G Ri. □ 

Corollary 1 .5 The commutants of R in EndQ^ (ViA), End^^ (T^vl), End°(A), and End(yl) are, 
respectively, Ei, Ri, F, and R. 

Proof. Any endomorphism of ViA commuting with R commutes with Ei, and therefore lies in 
Ei, because of (11.4b ). 

Any endomorphism of TiA commuting with R extends to an endomorphism of ViA preserving 
TiA and commuting with R, and so lies in Ei n End(T^^) = Ri. 

Let C be the commutant of E in End°(A). Then S is a subalgebra of C, so [E : Q] < [C : Q], 
and C (giQ Qi is contained in the commutant Ei of E in End{ViA), so [E: Q] > [C : Q]. Thus 
E = C. 

Finally, the commutant R in End(A) contains R and is contained in C n End(A) = E n 
End(^) = R. □ 

Corollary 1.6 Let {A, i) have complex multiplication by E, and let R = i"^(End(^)). Then 
any endomorphism of A commuting with i{a) for alia ^ R is of the form i{h) for some b G R. 

Proof. Apply the preceding corollary to i{E) C End°(^). □ 

Remark 1.7 If ^ does not divide {Oe- R), then Ri is a product of discrete valuation rin gs, and 
TiA is a free i?^-module of rank 1, but in general this need not be true ( Serre and Tatdl 19681 . p502). 
Similarly, TmA = n^|m ^ = Yli\m -R^-module of rank 1 if m is relatively prime to 

{Oe: R). 

Let {A, i) be an abelian variety with complex multiplication by a CM-algebra E over a field k 
of characteristic zero. If k contains all conjugates of E, then Tgto(yl) ~ Tli^g* ^ '^Q ^" 

module where <I> is a set of Q-algebra homomorphisms E ^ k and k^ is a one-dimensional fe-vector 
space on which a ^ E acts as if {a). For any complex conjugatioij^ i on k, 

^> U i$ = Hom(S, k). 



''a complex conjugation on a field k is the involution induced by complex conjugation on C through some embedding 
of k into C. 
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A subset $ of Hom(ii^, k) with this property will be called a CM-type on E with values in k. If 
A; C C, then it can also be regarded as a CM-type on E with values in C. 

Extension of the base field 

Let k be an algebraically closed subfield of C. For abelian varieties A, B over k, Hom(yl, B) ~ 
Hom(ylc, -Be), i.e., the functor from abelian varieties over k to abelian varieties over C is fully 
faithful. It is even essentially su rjective (hen ce an equivalence) on abelian varieties with complex 
multiplication. See, for example, Milne 2006L Proposition 7.8. 



Good reduction 

Let be a discrete valuation ring with field of fractions K and residue field k. An abelian variety 
A over K is said to have good reduction if it is the generic fibre of an abelian scheme A over R. 
Then the special fibre Aq of A is an abelian variety, and Tgtg {A) is a free i?-module such that 

Tgto(^) ®RK^Tgi^{A) 
Tgto(^) ®KA:~Tgto(^o). 

The map 

End(^) End(A) 
is an isomorphism, and there is a reduction map 

End(yl) ~ End(^) ^ End(.4o). (10) 



This is an injective homomorphism. See, for example, Milnel 20061 II, §6. 



It is a fairly immediate consequence of Neron's theorem on the existence of minimal models 
that an abelian variety with complex multipl ication over a numbe r field k acq uires good re duction 
at all finite primes after finite extension of k ( Serre and Tate 1968 , Theorem 6; Milne 20061 7.12)0 



The degrees of isogenics 

An isogeny a: A ^ B defines a homomorphism a*: k{B) k{A) of the fields of rational 
functions, and the degree of a is defined to be [^(^4) : a*k{B)\. 

Proposition 1.8 Let A he an abelian variety with complex multiplication by E, and let R = 
End(A) n E. An element a of R that is not a zero-divisor is an isogeny of degree {R : aR). 

Proof. If a is not a zero-divisor, then it is invertible mE ^ R ®i Q, and so it is an isogeny. Let d 
be its degree, and choose a prime i not dividing d ■ char (A;). Then d is the determinant of a acting 
on ViA (e.g., Milne 19861. 12.9). As V^A is free of rank 1 over E^ = E CSq Q^, this determinant is 



equal to Nm£;^/Q^(a), which equals Nm£;/Q(a). But i? is a lattice in E, and so this norm equals 
{R: aR)^ □ 



^Neron's theorem was, of course, not available to Shimura and Taniyama, who proved their results "for almost all p". 
Neron's theorem allowed later mathematicians to claim to have sharpened the results of Shimura and Taniyama without 
actually having done anything. 

*In more detail: let ei, . . . , e„ be a basis for i? as a Z-module, and let acj = aijCi. For some e £ ViA, 
eiE, . . . , enE is a Q^-basis for VtA. As aeje = aijBiE, we have that d = det(aij). But |det(aij)| — {R : aR) 
(standard result, which is obvious, for example, if a is diagonal). 
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Proposition 1.9 (IShimura and TaniyamaII1961| . I 2.8, Thm 1) Letk be an algebraically closed 



field of characteristic p > 0, and let a: A ^ B be an isogeny of abelian varieties over k. Assume 
that a* {k{B)) D k{A)'^ for some power q = of p, and let d be the dimension of the kernel of 
Tgto(Q) : Tgto(A) ^ Tgto(5); then 

deg(a) < q'^. 

We offer two proofs, according to the taste and knowledge of the reader. 
Proof of ilM in terms of varieties and differentials 

Lemma 1.10 Let L/K be a finitely generated extension of fields of characterstic p > such that 
K D L'^ for some power qofp. Then 

[L: K]< q'^^'^^L/K, 

Proof. We use that Homx-iinear(^)^/x' ^) isomorphic to the space of ii'-derivations L K. 
Let xi, . . . ,x„ be a minimal set of generators for L over K. Because ^ K, [L: K] < g", 
and it remains to prove dimil]^^^ > n. For each i, L is a purely inseparable extension of 
K{xi, . . . , Xj+i, . . . , Xn) because L D K D L'^. There therefore exists a ii'-derivation of 
Di of L such that Di{xi) ^ but Di{xj) = for j ^ i, namely, The Di are linearly 
independent, from which the conclusion follows. □ 

Proof (0F |1.9I) In the lemma, take L = k{A) and K = a*{k(B)). Then deg(a) = [L: K] and 
dim ri^^^ = dimKer(Tgto(a)), and so the proposition follows. □ 

Proof of (11.91 1 in terms of finite group schemes 

The order of a finite group scheme = Spec R over a field k is dim^ R. 

Lemma 1.11 The kernel of an isogeny of abelian varieties is a finite group scheme of order equal 
to the degree of the isogeny. 



Proof. Let a: A ^ be an isogeny. Then (e.g.. lMiln3ll98d 8.1) a^OA is a locally free Ob- 



module, of rank r say. The fibre of o^Oa at 0^ is the affine ring of Ker(a), which therefore is finite 
of order r. The fibre of q^Oa at the generic point of B is k{A), and so r = [k{A) : a*k{B)] = 
deg(a). □ 

Proof (0F |1.9I ) The condition on a implies that Ker(Q) is connected, and therefore its affine 
ring is of the form k[Ti, . . . , Ts]/{Tf ^ , . . . ,Ti " ) for some family (rj)i<j<s of integers rj > 1 
(lwaterhouselll979l. 14.4). Let q = p™. Then each ri <m because a*{k{B)) D k{A)'^, and 

s = dinifc TgtQ(Ker(a)) = dim^ Ker(Tgto(a;)) = d. 

Therefore, 



deg(a) = < p"" 
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a-multiplications: first approach 

Let A be an abelian variety with complex multiplication by E over a field k, and let R = E n 
End(j4). An element of R is an isogeny if and only if it is not a zero-divisor0 and an ideal a in i? 
contains an isogeny if and only if it is a lattice in E — we call ideals with this property lattice ideals. 
We wish to attach to each lattice ideal a in an isogeny A" : A — > A° with certain properties. The 
shortest definition is to take to be the quotient of A by the finite group scheme 

Ker(a) = ae„Ker(a). 



Howe ver, the formation of quotients by finite group schemes in characteristic p is subtle (|Mumford 
1970 . pl09-123il, and was certainly not available to Shimura and Taniyama. In this subsection, we 
give an elementary construction. 

Definition 1.12 Let A be an abelian variety with complex multiplication by E over a field k, and 
let a be a lattice ideal in R. A surjective homomorphism X°: A ^ A°is an a-multiplication if every 
homomorphism a: A ^ A with a G a factors through X°, and A'^ is universal for this property, in 
the sense that, for every surjective homomorphism X' : A ^ A' with the same property, there is a 
homomorphism a: A' A°, necessarily unique, such that a o A' = A°: 




An abelian variety B for which there exists an a-multiplication A ^ B is called an a-transform of 
A. 



Example 1.13 (a) If o is principal, say, o = (a), then a: A —> A is an a-multiplication (obvious 
from the definition) — this explains the name "o-multiplication". More generally, if A : A ^ A' is 
an a-multiphcation, then 

A^A^A' 

is an aa-multiplication for any a & E such that aa C R (obvious from the construction in 11.151 
below). 

(b) Let {E, be a CM-pair, and let A = C*/^>(A) for some lattice A in E. For any lattice 
ideal a in ii = End(A) n E, 

Ker(a) = {z + $(A) | az G $(A) all a £ a} 

where a'^ = {a e E \ aa C R}. The quotient map C*/^>(A) C"^ /<^>{a'^ A) is an o- 
multiplication. 

^Recall that E is an etale Q-subalgebra of End'^(yl), i.e., a product of fields, say E = Yl Ei. Obviously E = i?(g)zQ, 
and R C E. An element a — (q^) of R is not zero-divisor if and only if each component a,; of a is nonzero, or, 
equivalently, a is an invertible element of E. 

•^Compare the proof of ( fTTTSl ) with that of lMumfordll970l III, Theorem I, pi 1 1. 
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Remark 1.14 (a) The universal property shows that an a-multiplication, if it exists, is unique up 
to a unique isomorphism. 

(b) Let a G a be an isogeny; because a factors through A°, the map A" is an isogeny. 

(c) The universal property, applied to X°oa for a £ R, shows that, A° has complex multiplication 
by E over k, and A° is an £^-isogeny. Moreover, R C End{A°) n E, but the inclusion may be strict 
unless R = OeE 

(d) If A : ^ ^ i? is an a-multiplication, then so also is X^i : A^i Bf^i for any k' D k. This 
follows from the construction in (11.151 ) below. 

Proposition 1.15 An a-multiplication exists for each lattice ideal a. 

Proof. Choose a set of generators ai, a„ of a, and define A° to be the image of 

(aix,...): A". (11) 

For any a = Y^- riai G a, the diagram 



(''1, ■•• . ) 

A ^ > A" ^ 4 A 



shows that a: A ^ A factors through A". 

Let A' : A ^ A' he a quotient map such that each factors through A', say, ctj o A' = Oj. Then 
the composite of 

°=( ; ) (12) 

A A' A" 

is x I— > (aix, . . .) : A^ A^, which shows that a o A' = A°. □ 

Remark 1.16 A surjective homomorphism \ : A ^ B is an a-multiplication if and only if every 
homomorphism a: A ^ A defined by an element of a factors through A and one (hence every) 
family (aj)i<i<n of generators for a defines an isomorphism of B onto the image of A in A"'. 
Alternatively, a surjective homomorphism X: A ^ B is an a-multiplication if it maps k{B) iso- 
morphically onto the compos ite of the fields a*k{A) for a G a — this is the original definition 
(iShimura and Taniyamalll96ll . 7.1). 

Proposition 1.17 Let A be an abelian variety with complex multiplication by E over k, and 
assume that E D End(A) = Oe- Let X: A ^ B and X' : A ^ B' be a and a' -multiplications 
respectively. There exists an E -isogeny a: B B' such that a o X = X' if only if a D a'. 

Proof. If a D a', then a: A ^ A factors through A when a G a', and so a exists by the universality 
of A'. For the converse, note that there are natural quotient maps — > A'^ . If there exists 
an E'-isogeny a such that a o A"^ = A° , then A°^° —>■ ^4° is injective, which implies that a + a' = a 
by (11.221 ) below. □ 

Corollary 1.18 Let A: A ^ B and X' : A ^ B' be a and a' -multiplications; if there exists an 
E-isomorphism a: B B' such that a o X = X', then a = a'. 



'Over C, A is _E-isogenous to an abelian variety with End(^) HE — Oe, but every such isogeny is an o- 
multiplication for some o (see below). 
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Proof. The existence of a implies that a D a', and the existence of its inverse implies that a' D a.n 

Corollary 1.19 Let a e End(yl) nE.Ifa:A^A factors through an a-multiplication, then 
a G a. 

Proof. The map a: ^ ^ ^ is an (a)-multiplication, and so if there exists an £^-isogeny a such 
that a o A° = a, then a D (a). □ 

Remark 1 . 20 Let X: A be an a-multiplication. Let ai , . . . , On be a basis for a, and let 

= Qj o A. In the diagram 




a 



a maps B isomorphically onto the image of a. For any prime i different from the characteristic of 
k, we get a diagram 

T,A^T,B^TeA- 
in which Tia maps TiB isomorphically onto the image of Tia. 

Proposition 1.21 If X: A ^ A' is an a-multiplication, and X' : A' ^ A" is an a' -multiplication, 
then X' o X is an a' a-multiplication. 

Proof. Let a = (ai, Om), and let a' = (a'j^, a^); then a'a = (..., a^Oj, ...), and one can 
show that A" is isomorphic to the image of A under x i-^ (. . . , a'^ajx, . . .) (alternatively, use (11.311 ) 
and □ 

Proposition 1.22 For any a-multiplication X, deg{X) = {Oe- a) provided a is invertible (locally 
free of rank 1 ). 

Proof. For simplicity, we assume that Oe = End(j4) n E. According to the Chinese remainder 
theorem, there exists an a £ Oe such that (a) = ab with {O^ : a) and {Oe - b) relatively primely 
Then 

deg(A'^)deg(A'') = deg(A(«)) = {Oe: (a)) = {Oe: a)(0^: b). 

The only primes dividing deg(A") (resp. deg(A'')) are those dividing {Oe: o) (resp. {Oe : b)), and 
so we must have deg(A°) = {Oe : a) and deg(A'') = {O : b). □ 

Corollary 1.23 Let a be an invertible ideal in R. An E-isogeny A : A B is an a-multiplication 
if and only if deg(A) = {R: a) and the maps a: A ^ A for a e a factor through X. 

Proof. We only have to prove the sufficiency of the conditions. According to the definition (I1.12I ). 
there exists an £^-isogeny a: B ^ A'^ such that a o A = A°. Then deg(Q) deg(A) = deg(A°), and 
so a is an isogeny of degree 1, i.e., an isomorphism. □ 

Proposition 1.24 Let E be a CM-algebra, and let A and B be abelian varieties with complex 
multiplication by E over C If A and B are E-isogenous, then there exists a lattice ideal a and an 
a-multiplication A ^ B. 

'"Take a to be any element of Oe satisfying an appropriate congruence condition for each prime ideal p of Oe such 
that {Oe - p) is not prime to {Oe - a). 
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Proof. Because A and B are £'-isogenous, they have the same type After choosing E^-basis 
elements for Hi{A, Q) and Hi{B, Q), we have isomorphisms 

C*/$(a) ^^(C), C*/$(b) ^ S(C). 

Changing the choice of basis elements changes the ideals by principal ideals, and so we may suppose 
that a C b. The quotient map C*/<I>(o) C*/<I>(b) is an ab~^ -multiplication. □ 

Proposition 1.25 Let A be an abelian variety with multiplication by E over a number field k, 
and assume that A has good reduction at a prime p of k. The reduction to k^ = Ok/p of any 
a-multiplication X: A ^ B is again an a-multiplication. 

Proof. Let ai, . . . , a„ be a basis for o, and let = o A. In the diagram 




a maps B isomorphically onto the image of a. Let A and B be abelian schemes over Op with 
general fibre A and B. Then the diagram extends uniquely to a diagram over Op (see (ITOl)). and 
reduces to a similar diagram over ko, which proves the proposition. (For an alternative proof, see 
[L221) □ 

a-multiplications: second approach 

In this subsection, is a commutative ring. 

Proposition 1 .26 Let Abe a commutative algebraic group A over a field k with an action of R. 
For any finitely presented R-module M, the functor 

A*^(r) = Homij(M, A{T)) (T a k-scheme) 
is represented by a commutative algebraic group A^^ over k with an action of R. Moreover, 

AM^rN^^^m^n^ (13) 

If M is projective and A is an abelian variety, then A^'^ is an abelian variety (of dimension r dim A 
if M is locally free of rank r ). 

Proof. If M = i?", then A^'^ is represented by A". The functor M A^'^ transforms cokemels 
to kernels, and so a presentation 

^ ^ M ^ {), 

realizes A^ as a kernel 

Define A^ to be the kernel in the sense of algebraic groups. 

For the second statement, use that there is an isomorphism of functors 



HomR(iV, Hom/j(Af, .4(r))) ~ Hom^j(M (^r N, A{T)). 
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For the final statement, if M is projective, it is a direct summand of a free i?-module of finite 
rank. Thus is a direct factor of a product of copies of A, and so is an abelian variety. Assume 
that M is of constant rank r. For an algebraic closure k of k and a prime i / char k, 

A'''{k)e = RomR{M,A(kU) 

~ RouiR^iMe, A{k)e), Re = ® R, Me = Ze ®^ M. 



But Ml is free of rank r over Re (because R is semi-local), and so the order of A^^ {k)e is /2rdimyl 
Thus A^'^ has dimension r dim A. □ 

Remark 1 .27 The proposition (and its proof) applies over an arbitrary base scheme S. Moreover, 
the functor A ^ A^^ commutes with base change (because A ^ A^^ obviously does). For exam- 
ple, if A is an abelian scheme over the ring of integers Ok in a local field k and M is projective, 
then A'^'^ is an abelian scheme over with general fibre {Ak)'^^ ■ 

Proposition 1.28 Let R act on an abelian variety A over a field k. For any finitely presented 
R-module M and I ^ char k, 

Te {A^^ ) ~ Hom^, (M^ , T^) , Ri = Ze®R, Me = Ze®^M. 
Proof. As in the proof of (I1.26I ). 

A^^me^ ~ }loiT,R^{Me,A{k)en). 
Now pass to the inverse limit over n. □ 
Let R = Endij(A). For any ii-linear map a : M — > i? and o G ^{T), we get an element 

X ^ a{x) - a: M ^ A{T) 
of A^^(T). In this way, we get a map HomR(M, R) Hom/j(A, A^). 
Proposition 1.29 IfM is projective, then Horn ^{M, R) ~ Homij(^, ^^'^). 

Proof. When M = R, the map is simply R ~ EndR{A). Similarly, when M = ii", the map is 
an isomorphism. In the general case, M © « i?" for some projective module A^, and we have a 
commutative diagram 

Homij(M, R) © Homij(A^, R) > RomR{A, A^^) © Hom/j(^, A^) 



HomR(i?",i?) -^—^ Homij(A,A"). □ 

Proposition 1.30 Let A be an abelian variety over a field k, and let Rbe a commutative sabring 
of End(A) such that R ®i Q is a product of fields and [R: Z] = 2 dim^. For any invertible ideal 
a in R, the map A" : A ^ corresponding to the inclusion a ^ ^ is an isogeny with kernel 
^a = a,aKer(a). 
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Proof. The functor M i-^ sends cokernels to kernels, and so the exact sequence 

0^ R/a^O 

gives rise to an exact sequence 

^ ^«/« ^ A ^ A" 

Clearly A^^'^ = Aa, and so it remains to show that A° is surjective, but for a prime £ such that 
a£ = Ri, T^(A°) is an isomorphism, from which this follows. □ 

Corollary 1.31 Under the hypotheses of the proposition, the homomorphism 

A°: A^A'' 

corresponding to the inclusion a "—^ R is an a-multiplication. 
Proof. A family of generators {ai)i<i<n for o defines an exact sequence 

i2™ ^ i?" ^ a ^ 

and hence an exact sequence 

^ ^ ^" ^ 

The composite of 

R"" ^a^R 

is (rj) I— > J2 ^i'^i' so composite of 

A^A'^^A'' 

is X 1-^ {aix)i<i<n- As A° is surjective, it follows that ^4° maps onto the image of A in A^, and so 
A° is an o-multiplication (as shown in the proof of ll.151 ). □ 

Remark 1.32 Corollary 11.311 fails if a is not invertible. Then A ^ need not be con nected, A — > 
{A^^y is the a-multiplication, and ~ Ex.t]^{R/a, A) (see IWaterhous3l 19691. Appendix). 



a-multiplications: complements 

Let X: A ^ B he an a-multiplication, and let a G a^^ = {a £ E \ aa G R}. Then A o a G 
Hom(yl, B) (rather than Hom'^(yl, B)). To see this, choose a basis for oi, . . . , for a, and note 
that the composite of the 'homomorphisms' 

^ _a_^ ^ x^{...,aiX,...) ^ ^„ 

is a homomorphism into A°' d A"". 

Proposition 1.33 Let A have complex multiplication by E over k. 

(a) Let X : A ^ B be an a-multiplication. Then the map 

a 1-^ A° o a : a~^ ^ Hom/j(^, B) 

is an isomorphism. In particular, every R-isogeny A ^ B is a b -multiplication for some ideal b. 

(b) Assume Oe = End(yl) n E. For any lattice ideals a C b inOE, 



Homo^(A",A'') ~ a-^b. 
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Proof, (a) In view of (11.311 ). the first statement is a special case of ( 11.291 ). For the second, recall 
(11.131 ) that A° o a is an aa-multiplication. 

(b) Recall that A'' ~ (yl")""''' (see fOTT ). and so this follows from (a). □ 

In more down-to-earth terms, any two E'-isogenies A B differ by an i?-'isogeny' A ^ A, 
which is an element of E. When A is an a-multiplication, the elements of E such that A o a is an 
isogeny (no quotes) are exactly those in a^^. 

Proposition 1 .34 Let A have complex multiplication by Oe over an algebraically closed field k 
of characteristic zero. Then a ^ A° defines an isomorphism from the ideal class group of Oe to 
the set of isogeny classes of abelian varieties with complex multiplication by Oe over k with the 
same CM-type as A. 

Proof. Proposition (II. 33b shows that every abelian variety isogenous to A is an o-transform for 
some ideal a, and so the map is surjective. As a: A ^ A is an (a) -multiplication, principal ideals 
ideals map to A. Finally, if A° is O^j-isomorphic to A, then 

Oi5~Homo^(A,A°)~a-\ 

and so a is principal. □ 

Proposition 1.35 Let A and B be abelian varieties with complex multiplication by Oe over 
a number field k, and assume that they have good reduction at a prime p of k. If A and B are 
isogenous, every Oe -isogeny fj,: Aq Bq lifts to an a-multiplication X: A B for some lattice 
ideal a, possibly after a finite extension of k. In particular, fi becomes an a-multiplication over a 
finite extension of k. 

Proof. Since A and B are isogenous, there is an a-multiplication A : A ^ B for some lattice ideal 
a by (11.241 ) (after a finite extension of k). According to Proposition 11.251 Aq : ^ Bq is also an 
o-multiplication. Hence the reduction map 

RomoEiAB) Homc)^(^o,^o) 

is an isomorphism because both are isomorphic to a~^, via A and Aq respectively (11.331) . Therefore, 
ji lifts to an isogeny X' : A B, which is a b-multiplication (see ll.331 ). □ 



2 THE SHIMURA-TANIYAMA FORMULA 



16 



2 The Shimura-Taniyama formula 

The numerical norm of a nonzero integral ideal a in a number field K is Na = {Ok ■ a). For a 
prime ideal p lying over p, Np = pf^^/p\ The map N is multiplicative: Na • Nb = N(ab). 

Let /c be a field of characteristic p, let g be a power of p, and let a be the homomorphism 
a ^ a'^ : k ^ k. For a variety V over k, we let T/^'^) = aV. For example, if V is defined by 
polynomials Yl CLii---^! ' ' ' ' '^'^^'^ ^'"''^ defined by polynomials ^ a?^...X^^ • • • . The q-power 
Frobenius map is the regular map V aV that acts by raising the coordinates of a /c'^^ -point of F 
to the qth power. 

When k = F,, T/^^) = F and the g-power Frobenius map is a regular map tt: V ^ V. When 
V is an abelian variety, the Frobenius maps are homomorphisms. 

Theorem 2. 1 Let A be an abelian variety witti complex multiplication by a CM-algebra E over 
a number field k. Assume that k contains all conjugates of E and let *p be prime ideal of Ok 
at which A has good reduction. Assume (i) that (p) = *P n Z is unramified in E and (ii) that 
End{A)nE = Oe- 

(a) There exists an element -k ^ Oe inducing the Frobenius endomorphism on the reduction of 
A. 

(b) The ideal generated by vr factors as follows 

where $ C Hom(£', k) is the CM-type of A. 
Proof. Let Aq be the reduction of A to ko = Okf^, and let 

g=|A;o| = (0,:*P)=p^('P/P). 

(a) Recall that the reduction map End(yl) End(Ao) is injective. As End(A) n E is the 
maximal order Oe E, End(Ao) H E must be also. The (g-power) Frobenius endomorphism vr of 
Aq commutes with all endomorphisms of Aq, and so it lies in O^; by (11.51 ). 

(b) Let A be the abelian scheme over over Ok with fibres A and Aq. Then T = Tgto(A.) is a 
free Ofe-module of rank dim A such that T ^ - Tgto(^) and T /'^T ~ Tgto(Ao) = Tq. 

Because p is unramified in E, the isomorphism E®q k ~ W^. k^ induces an isomorphism 
Oe ®z Ok — Her- E^k where Oct denotes Ok with the 0£;-algebra structure provided by a. 
Similarly, the isomorphism T ~ k^p induces an isomorphism T ~ 0<^g$ O^p where O^p is 

the submodule of T on which Ok acts through tp. In other words, there exists an Ofc-basis {e^)^p^^ 
for T such that ae<^ = Lp{a)eip for a € Oe- 

Because vrvf = q, the ideal (vr) is divisible only by prime ideals dividing p, say. 

For h the class number of E, let 

pr'' = (7.), Iv&Oe, (15) 

and let 



2 THE SHIMURA-TANIYAMA FORMULA 



17 



The kernel of Tq Tq is the span of the for which ip{'yv) G but tp ^(^) is a prime 
ideal of Oe and is the only prime ideal of O^; containing 7^, and so 92(71,) G ^ if and only if 

Ker(ro ^To) = (e^ 

Since tt^ : Aq ^ Aq factors through 7^, we have that ^*ko{Ao) D (7r'^)*A;o(Ao) = A;o(^o)^'\ and 
so Proposition 11.91 shows that 



As 

deg(^o ^ Ao) W N(7.) ® N(p^O 
we deduce that 

N(p^")<g'^^ (16) 

On taking the product over v, we find that 



But 

Nm£;/Q(7r) W deg(^o ^ ^o) = q', 

and so the inequalities are all equalities. 
Equality in (fT6l ) implies that 

Nm^/Q(pr)= (Nnifc/Q^)''" 

which equals, 

n^6*„ Nm,/Q<P = n^^^^ (Nm^/Q(v.-i(Nm,/^^<P))) 

From the definition of we see that Hipe*!, k/<fiE^) a power of p^,, and so this shows 

that 

On taking the product over v, we obtain the required formula. □ 
Corollary 2.2 With the hypotheses of the theorem, for all primes p of E dividing p, 

ordp(7r) = y , fiV/vP)- (18) 

Here tpp is the image of p in ipO e C ipE C k. 

Proof. Let p be a p-adic prime ideal of Oe, and let 99 be a homomorphism E ^ k.lfp = (*p), 
then 

ordp(^-i(Nmfc/^sq3)) = ord^p Nm^/^^ <p = /(Wv^p), 
and otherwise it is zero. Thus, dTS] ) is nothing more than a restatement of ( [T5] ). □ 
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Corollary 2.3 With the hypotheses of the theorem, for all primes v of E dividing p, 

ord„(7r) |<I>nff„| 



(19) 



ord„(g) \H^\ 
where H., = {p: E^k \ p-^{^) = p^} andq = {Ok - 

Proof. We show that ([TSl l implies ([T9l ) (and conversely) without assuming p to be unramified in 
E. Note that 

ord,((?) = f{^/p) ■ ord,(p) = f^i/p) ■ eipjp), 

and that 

\Hy\ = e{py/p) ■ fipv/p)- 

Therefore, the equality 
implies that 



ord.(7r) = V /(W^P.), 



ord^g) ^ve'fnH, e{p^/p) ■ f{pv/p) ~ ^ \H, 



ordt,(7r) ■^-^ 1 



V I 



(and conversely). 



Remark 2.4 (a) In the statement of Theorem 12. 1[ k can be replaced by a finite extension of Qp. 

(b) The conditions in the statement are unnecessarily strong. For example, the formula holds 
without the assumption that p be unramified in E. See Theorem [321 below. 

(c) When £J is a subfield of k, Theorem 12.11 can be stated in terms of the reflex CM-type cf. 



Shimura and Tanivamalll96ll . 513. 



Application 2.5 Let A be an abelian variety with complex multiplication by a CM-algebra E 
over a number field k, and let <I> C Hom(£', k) be the type of A. Because Tgto(^) is an E ®q k- 
module satisfying ([Til, k contains the reflex field E* of {E, $) and we assume k is Galois over E* . 
Let *p be a prime ideal of Ok at which A has good reduction, and let *p n Og* = p and p n Z = (p). 
Assume 

o that p is unramified in E, 

o that p is unramified in k, and 

o tha.tEnd{A) HE = Oe- 
Let a be the Frobenius element {'^,k/E*) in Gal(A;/ii;*)li3 As a fixes E*, A and a A have the same 
CM-type and so they become isogenous over a finite extension of k. According to (11.351 ). there exists 

an o-multiplication A : ^ ^ a A over a finite extension of k whose reduction Aq : — ^ ^[f ' 
is the p^(P/p) -power Frobenius map. Moreover, 

^/(q3/p)-iAo...ocjAoA = 7r 

where vr is as in the statement of the theorem. Therefore, Theorem 12. 1 1 shows that 

^fiV/P) = Ar^(Nmfc/s, ^) = iV$(p^(WP)) = Ar^(p)/(WP)^ 

and so 

o = A^<i,(p). (20) 

Notice that, for any m prime to p and such that Am{k) = ^^(C), the homomorphism A agrees 
with a on A„i{k) (because it does on ^o,m)- 

Notes The proof Theorem l2.1l in this section is essentially the original proof. 



"Socr(fp) = <p and aa = a''^*'^^'" mod ^3 for all a £ Ok. 
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3 The fundamental theorem over the reflex field. 
Preliminaries from algebraic number theory 

We review some class field theory (see, for example, i Milne CFT , V). Let A; be a number field. For 
a finite set S of finite primes of k, I^{k) denotes the group of fractional ideals of k generated by 
the prime ideals not in S. Assume k is totally imaginary. Then a modulus for k is just an ideal in 
Ok- For such a modulus m, S{m) denotes the set of finite primes v dividing m, and km,i denotes 
the group of a G k^ such that 

ord^,(a — 1) > ordt,(m) 

for all finite primes v dividing m. In other words, a lies in km,i if and only if multiplication by a 

preserves C'^, C ky for all v dividing m and acts as 1 on Ov/pv^'^"^'^^ = Oy/m. The ray class group 
modulo m is 

where i is the map sending an element to its principal ideal. The reciprocity map is an isomorphism 

a {a,Lm/k): Cm(.k) Gal{Lm/k) 
where Lm is the ray class field of m. 

Lemma 3. 1 Let a be a fractional ideal in E. For any integer m > 0, there exists an a G such 
that aa C Oe ^nd {Oe '■ aa) is prime to m. 

Proof. It suffices to find ana £ E such that 



ordj,(a) + ord„(a) > (21) 

for all finite primes v, with equality holding if t;|m. 

Choose a c G a. Then ord^(c^^a) < for all finite v. For each v such that v\m or ord^(a) < 0, 
choose may & Oe such that 

ord^,(a^,) + ord^,(c~^a) = 

(exists by the Chinese remainder theorem). For any a £ Oe sufficiently close to each a„ (which 
exists by the Chinese remainder theorem again), ca satisfies the required condition. □ 



The fundamental theorem in terms of ideals 

Theorem 3.2 Let A be an abelian variety over C with complex multiplication by a CM-algebra 
E, and let $ C Hom(ii;, C) be the type of A. Assume that End(y4) r\ E = Oe- Fix an integer 
m > 0, and let a be an automorphism of C fixing E* . 

(a) There exists an ideal a{a) in E and an a{a) -multiplication A: ^ ^ a A such that X{x) = ax 
for all X G Am; moreover, the class [a{cr)] of a{(j) in Cm{E) is uniquely determined. 

(b) For any sufficiently divisible modulus m for E* , the ideal class [o(cj)] depends only on the 
restriction of a to the ray class field of m, and 

[a{a)] = [iV$(b)] ifa\Lr^ = (b, Lm/E*). (22) 

Proof. Because a fixes E*, the varieties A and a A have the same CM-types and so are E- 
isogenous. Therefore, there exists an a-multiplication A: A — > a A for some ideal a C Oe (see 
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X . 

m- 



I1.24I ). Recall (11.221) that A has degree {Oe- a)- After possibly replacing A with A o a for some 
a G a^^, it will have degree prime to m (apply [3?T]) . Then A maps Am isomorphically onto aAm- 

Let Zm = Y\i\m'^t ^'^'^ = ® ^m- Then TmA = n^|m^^^ ^ ^^^^ Om-module of 
rank 1 (see ll.7l ). The maps 

: > Tm{crA) 

X ^ \x 

are both Om-linear isomorphisms, and so they differ by a homothety by an element a of O 

\{ax) = ax, all x G T^A. 

For any a ^ Oe sufficiently close to a, A o a will agree with a on Am- Thus, after replacing A with 
A o a, we will have 

\{x) = ax mod m, all x S TmA. 

Now A is an o-multiplication for an ideal a = a{a) that is well-defined up to an element of i{Em,i)- 
Let a' be a second element of Gal(C/£'*), and let A' : ^ ^ a' A be an a' -multiplication acting 
as a' on Am (which implies that it has degree prime to m). Then crA' is again an a'-multiplication 
(obvious from the definition I1.12I ). and so crA' o A is an oa'-multiplication A a' a A (see 11.211) 
acting as a'a on Am- Therefore, the map a >—>■ a{a) : Gal{C/ E*) —>■ Cm{E) is a homomorphism, 
and so it factors through Gal{k/E*) for some finite abelian extension k of E* , which we may take 
to be the ray class field L^. Thus, we obtain a well-defined homomorphism 

sending an ideal o* in /•^(™)(^*) to [a{a)\ where a = {a*,Lm/E*). If m is sufficiently divisible, 
then also defines a homomorphism I^(^)[E*) CmiE*) Cm{E), and it remains to show 
that the two homomorphisms coincide. 

According to §1, there exists a field A; C C containing the ray class field and finite and 
Galois over E* such that A has a model Ai over k with the following properties: 

o Ai has complex multiplication by E over k and Oe = End(yli) n E, 

o A has good reduction at all the prime ideals of Ok- and 

O Am{k) = Am{C)- 

Now (12.51 ) shows that the two homomorphisms agree on the prime ideals p of O^;* such p is unram- 
ified in k and p n Z is unramified in E. This excludes only finitely many pri me ideals o f O e* , and 



according to Dirichlet's theorem on primes in arithmetic progressions (e.g. jMilne CFT V 2.5), the 
classes of these primes exhaust Cm. □ 

Aside 3.3 Throughout this subsection and the next, C can be replaced by an algebraic closiue of 



More preliminaries from algebraic number theory 

We let Z = lim Z / mZ and Aj = Z (g) Q. For a number field A;, ^ = ®q k is the ring of finite 
adeles and A^ = Aj ^ x [k 0q M) is the full ring of adeles. For any adele a, aoo and aj denote its 
infinite and finite components. When A; is a subfield of C, k^^ and A;^' denote respectively the largest 
abelian extension of A; in C and the algebraic closure of k in C. As usual, complex conjugation is 
denoted by l. 

For a number field k, rec^ : A^ —>■ Gal(A;'^^/A;) is the usual reciprocity law and art^ is its 
reciprocal: a prime element corresponds to the inverse of the usual Frobenius element. In more 
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detail, if a G ^, has u-component a prime element a„ in and w-component = 1 for tt; / v, 
then 



artfc(a)(x) = x^/^^^) mod p^,, x G Ok- 



When k is totally imaginary, art,fc(aooa/) depends only on aj, and we often regard art^t as a map 
^ Gal(fc^'^/fc). Then 

artfc : A^^^ ^ Gal(A;^^/A;) 

is surjective with kernel the closure of A;^ (embedded diagonally) in A^ ^. 

The cyclotomic character is the homomorphism Xcyc : Aut(C) ^ C A^ such that a( = 
^Xcyc(o-) fQj. every root C of 1 in C. 

Lemma 3.4 For any a G Gal(Q^VQ). 

artQ(xcyc(^)) = ^7|Q''^ 



Proof. Exercise (or see lMilnell2005l §11 (50)). 



Lemma 3 . 5 Let E bea CM-field. For any s G A ^ ^ and automorphism aofC such that art e{s) 



NuiE/Qis) G Xcyc('7) • Q>0- 

Proof. By class field theory, 

artQ(Nms/Q(s)) = cT|Q'^^ 

which equals art(Q(xcyc(c)). Therefore Nm£;/Q(s) and Xcyc(f) differ by an element of the kernel 
of artQ : A^ Gal(Q^^/Q), which equals A^ n (Q"" • M>o) = Q>o (embedded diagonally). □ 

Lemma 3.6 For any CM-field E, theicemel of art^;: A^^/E^ Gal{E''^/E) is uniquely divis- 
ible by all integers, and its elements are fixed by le- 

Proof. The kernel of art^; is E'^ /E'^ where E'^ is the closure of E^ in A^^. It is also equal to 
U/U for any subgro up U of of finite index. A theorem of Chevalley (see lSerrelll964l . 3.5, or 



Artin and Tatdl 19611 . Chap. 9, §1) shows that A? ^ induces the pro-finite topology on U. If we take 



U to be contained in the real subfield of E and torsion-free, then it is clear that U/U is fixed hy le 
and, being isomorphic to (Z/Z)'^- 0*1/2-1^ it is uniquely divisible. □ 

Lemma 3.7 Let E be a CM-field and let ^ be a CM-type on E. For any s G A^^ and automor- 
phism aofC such that avt e{s) = a\E^^, 

N^{s) ■ LeN^{s) G Xcyc(<T) • Q>0. 

Proof. According to 

N^{s) ■ leN.s>{s) = Nm^/Q(s), 
and so we can apply (13.51) . □ 



3 THE FUNDAMENTAL THEOREM OVER THE REFLEX HELD. 



22 



Lemma 3.8 Let E be a CM-field and $ a CM-type on E. There exists a unique homomorphism 

Gdl{E*^'°/E*) Gal{E^^/E) rendering 

f,E* ^f,E 



art 



E* 



art E 



Gal(^*^^/S*) > GaliE^'^/E) 

commutative. 

Proof. As art^;. : Aj Gal{E*^^ / E*) is surjective, the uniqueness is obvious. On the other 

hand, A'^^ maps E*^ into E^ and is continuous, and so it maps the closure of E*^ into the closure 
ofE"". □ 

Proposition 3.9 Lets,s' G A^^.. IfartE*{s) = art£;.(s'), then N^{s') G iV$(s) • E^ . 

Proof. Let a be an automorphism of C such that 

artij*(s) = alE*""^ = artE*{s'). 

Then (seelO). 

iV$(s) • LEN^is) E Xcycia) ■ Q>o 3 N^{s') ■ LEN^is'). 

Let t = 7V$(s/s') e A^^. Then t £ Ker(art£;) by (IT8] ) and t ■ CEt £ Q>o. Lemma |33] implies 
that the map x ^ x ■ le^ is bijective on Ker(art£;)/£'^ ; as t • G £'^, so also does t. □ 

The fundamental theorem in terms of ideles 

Theorem 3.10 Let A be an abelian variety over C with complex multiplication by a CM-algebra 
E, and let ^ C Hom(£', C) be the type of A. Let a be an automorphism of C fixing E*. For 
any s G A^^* with art£;*(s) = a\E*^^, there exists a unique E-'isogeny' X: A ^ aA such that 
A(iV$(s) ■ x) = ax for all X G VfA. 

Remark 3.11 (a) It is obvious that A is determined uniquely by the choice of an s such that 
rec(s) = alE*"^^. If s is replaced by s', then N^{s') = a ■ iV$(s) with a £ E^ (see [3^. and A 
must be replaced by A • a~^. 

(b) The theorem is a statement about the i<J-'isogeny' class of A — if (3: A B is an E- 
'isogeny', and A satisfies the conditions of the theorem for A, then af3 o A o /3'^ satisfies the 
conditions for B. Therefore, in proving the theorem we may assume that End(A) n E = Oe- 

(c) Let A as in the theorem, let a be a polarization of A whose Rosati involution induces le 
on E, and let ip: VfA x VjA Aj(l) be the Riemann form of A. The condition on the Rosati 
involution means that 

ip{a- x,y) = ip{x,LEa- y), x,yeVfA, a £ Af^E- (23) 
Then, for x,y £ VjA, 

((T^)(crx, ay) = aiipix, y)) = Xcyc(o-) • i^ix, y) 
because ■ijj{x,y) £ Aj(l). Thus if A is as in the theorem, then 

Xcyc(cT) = (aV)(iV$(s)A(x),iV$(s)A(y)). (24) 
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According to Q, A^$(s) • leN^{s) = N^* /q{s), and so, on combining (l23l) and (l24l) . we find 
tliat 

(cV')(x,y) = (a^/;)(Ax, Ay), 
with c = Xcyc(.o-)/NE*/Q{s) G Q>o (see[33]l. 

Let a be an automorphism of C fixing E*. Because a fixes E*, there exists an E^-isogeny 
A : A — > cr A. The maps 

X ^ ax 
X I— > Ax 



: Vy(^) ^ VfiaA) 



are both A/-^^; = E'Cg) A j -linear isomorphisms. As Vf{A) is free of rank one over Ay they differ 

X 

\{r]{a)x) = ax, all x G Vf{A). (25) 



by a homothety by an element ri{a) of A? ^: 



When the choice of A is changed, r]{a) is changed only by an element of E^ , and so we have a 
well-defined map 

Aut{C/E*) A^^^/E"". (26) 

Lemma 3.12 For a suitable choice of A, the quotient t = ri{a)/N^{s) satisfies tlie equation t ■ 

LEt = 1 in ^. 

Proof. We know that 



N<s>{s) ■ leN^{s) = NmA^_^,/A^(s) = Xcyc(o-) • a 

for some a G Q>o- 

A calculation as in ( 13.111 :) shows that, 

{cip){x,y) = (crV')(Ax, Ay), allx,y E A^^^, (27) 

with c = Xcyc(o")/ (??(c) • i-E'ni^))- Now the discussion on pHl shows that c is a totally positive 
element of F. Thus 

7]{a) • LEVia) = Xcyc('7)/C, c £ F>o- (28) 

Lett = 7/(o-)/7V$(s). Then 

t- iEt = l/acG F^^Q. (29) 



Being a totally positive element of F, ac is a local norm from E at the infinite primes, and ( 1291 ) 
shows that it is also a local norm at the finite primes. Therefore we can write ac = e ■ leg for some 
eeE"^. Then 

te ■ LE{te) = 1. □ 



'"This is even true when R = End(yl) n iJ is not the whole of Ob because, for all I, VeA is free of rank one over 
Ei E ®Q Qi, and for all £ not dividing (Ob ; R), TiA is free of rank one over Ri = R (g)z "Li (see ll.7t . 
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The map r/: Gal(Q^'/i?*) — > A^^/E^ is a homomorphisn j^ and so it factors through 
Gal(Q^7-^*)^''- When combined with the Artin map, it gives a homomorphism r/' : Aj 

Choose an integer m > 0. For some modulus m, there exist a commutative diagrams 



,/E* 



A^ 



/E> 



Cm{E) 



with the top map either or by r]' and the vertical maps the obvious maps dMilndlCFlt V 4.6). 
The bottom maps in the two diagrams agree by Theorem l3.2[ which implies that t = r]{a)/N,^{s) 
lies in the common kernel of the maps A^ ^/E^ —>■ Cm{E) for m > 0. But this common kernel is 
equal to the kernel of the Artin map A^^/^;^ Gal{E''^/E). As t • i^t = 1 (see [37T21 ). t = 1 
(see |3.6l ). 

Note s The proof in this subsection is that sketched in lMilnell2005l Cf. IShimura 1 19701 4.3, and lShimural 
19211 ppll7-121,pl29. 



The fundamental theorem in terms of uniformizations 

Let {A,i: E ^ End'^(^)) be an abelian variety with complex multiplication over C, and let a 
be a polarization of {A,i). Recall (11.11 11.31) that the choice of a basis element cq for Hq{A,Q) 
determines a uniformization 6 : — > ^(C), and hence a quadruple {E, a, t), called the type of 
{A, i, X) relative to 9. 



Theorem 3.13 Let {A, i, A) be of type {E, a,t) relative to a uniformization 6: C 
and let a be an automorphism of C fixing E*. For any s € ^, such that artg* (s) 
there is a unique uniformization 9' : C*' {aA){C) of a A such that 

(a) a{A, i, i)) has type {E, fa, t ■ Xcydd)/ ff) where f = N^{s) G A 

(b) the diagram 



- A{C), 

fj I 



E/a 



E/fa 



00 



A{C) 



aA{C) 



commutes, where 9o{x) = 9{{ipx)ip^,^) and^Q(x) = 9'{{ipx)^^,^' 



Proof. According to Theorem 13. 101 there exists an isogeny A : ^4 — > a A such that X{N^{s) ■ x) = 
ax for all x G V/j4. Then Hi{X) is an £'-linear isomorphism Hi{A,Q) —>■ Hi{aA,Q), and we 
let 9' be the uniformization defined by the basis element Hi{X){eo) for Hi{aA, Q). The statement 
now follows immediately from Theorem 13.101 and (13.111 :). □ 



"choose i5-isogenies a: A ^ a A and a' : A ^ a' A', and let 

a{sx) = ax 
a (s x) = a X. 

Then aa' o a is an isogeny A a a' A, and 

[aa o a)[ssx) = {aa){a[ss x)) — {aa)[a{s x)) — a{a [s'x)) — aa' x. 
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4 The fundamental theorem over 



The first three subsections follow iTatdl 19811 and the last subsection follows lDeligndll981 . 

We begin by reviewing some notations. We let Z = limZ/mZ and Aj = Z (g) Q. For a number 
field k, Af^k = ®(Q k is the ring of finite adeles and = Aj^^ x {k M) is the full ring of 
adeles. When is a subfield of C, k^^ and k^^ denote respectively the largest abelian extension of k 
in C and the algebraic closure of k in C. For a number field k, rec^ : A^ —>■ Gal{k''^^ /k) is the usual 
reciprocity law and art^ is its reciprocal. When k is totally imaginary, we also write art^ for the map 



Gal{k /k) that it defines. The cyclotomic character x = Xcyc '■ Aut(C) 
the homomorphism such that a( = for every root of 1 in C. The composite 



C A^ is 



artfc o X, 



eye 



Ver 



(30) 



the Verlagerung map Ga^ 



,al /rh\ab 



Gal(Q^V^)''*'- 



Statement of the Theorem 

Let A be an abelian variety over C, and let £' be a subfield of End(j4) (g) Q of degree 2 dim ^4 over 
Q. The representation of E on the tangent space to A at zero is of the form 0^g,j, (p with <I> a subset 
of Hom(£^, C). A Riemann form for ^ is a Q-bilinear skew-symmetric form tp on Hi{A, Q) such 
that 

{x,y)^ij{x, iy) : Hi{A,M) x Hi {A, M) ^ M 

is symmetric and positive definite. We assume that there exists a Riemann form ip compatible with 
the action of E in the sense that, for some involution le of E, 

ip{ax,y) = ip{x,{LEa)y), a£E, x,y £ Hi{A,Q). 

Then S is a CM-field, and $ is a CM-type on E, i.e., Hom(£;,C) = ^ U (disjoint union). 
The pair {A, E End(A) Q) is said to be of CM-type {E, <I>). For simplicity, we assume that 
E n End(A) =Oe, the full ring of integers in E. 

Let C* be the set of complex-valued functions on <I>, and embed E into C* through the natural 
map a ^ {ip{a))^(z^. There then exist a Z-lattice a in £' stable under Oe, an element t G E^ , and 
an C'£;-linear analytic isomorphism 9 : C*/<I>(a) —>■ A such that 'ijj{x, y) = T^E/Qit^ ' ''EU) where, 
in the last equation, we have used 9 to identify Hi{A, Q) with a O Q = -E. The variety is said to 
be of type {E, <I>; a, t) relative to 9. The type determines the triple {A, E End(A) ® Q, t/j) up to 
isomorphism. Conversely, the triple determines the type up to a change of the following form: if 9 
is replaced by o a~^, a G E^, then the type becomes {E, <I>; aa, (see ll.3l ). 

Let a G Aut(C). Then E ^ End°(^) induces a map E ^ End°(cr^), so that a A also has 
complex multiplication by E. The form ip is associated with a divisor D on A, and we let (Tip be the 
Riemann form for a A associated with aD. It has the following characterization: after multiplying ip 
with a nonzero rational number, we can assume that it takes integral values on Hi{A, Z); define ipm 
to be the pairing Am x Am ^ fJ-m, (x, y) ^ exp( ^"'^^'''^^ ); then {aip)m{(yx, ay) = (T{ipm{x, y)) 
for all m. 

In the next section we shall define for each CM-type (£', <I>) a map : Aut(C) ^/E^ 
such that 

Mct) ■ LU{a) = Xcyc(^T)E^ all a G Aut(C). 
We can now state the fundamental theorem of complex multiplication. 
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Theorem 4. 1 Suppose A has type {E, ^;a,t) relative to the uniformization 6: C^/a ^ A. Let 
a e Aut(C), and let / e A^^ lie in U{a). 
(a) The variety a A has type 



relative some uniformization 6'. 
(b) It is possible to choose 9' so that 



He 
f 



A/,E/a(g) Z ~ E/a 



E/fa 



crAt. 



commutes, where Ators denotes the torsion subgroup of A (and then 9' is uniquely deter- 
mined), 

We now restate the theorem in a more canonical form. Let 

TA = lunAm{C)c^lim{^Hi{A,Z)/Hi{A,Z))^Hi{A,Z) 
(limit over all positive integers m), and let 

VfA = TA^zQ^ Hi{A, Q) 0q Af. 

Then ip gives rise to a pairing 

■0/ = limV'm: VfA x VjA A/(l) 
where A/(l) = (lim/im(C)) (g) Q. 

Theorem 4.2 Let A have type {E, let a £ Aut(C), and let f G U{a). 

(a) a A is of type {E,a^); 

(b) there is an E-linear isomorphism a : Hi{A, Q) — > Hi{aA, Q) such that 

i) = {ai;)iax,ay), x,y G H^iA^Q); 

ii) thO diagram 

Vf{A)^Vf{A) 
VfiaA) 

conmiutes. 

Lemma 4.3 The statements (14. J I) aijd (14.2D are equivalent. 



'"^Note that both / G ^ and the i5-hnear isomorphism a are uniquely determined up to multipHcation by an element 
of _E . Changing the choice of one changes that of the other by the same factor. 
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Proof. Let 6 and 6' be as in (01]), and let Oi: E ^ Hi{A, Q) and e[: E ^ Hi{aA, Q) be the 
ii^-linear isomorphisms induced by 9 and 9'. Let x = Xcyc(f) / f • i^f — it is an element of E^. Then 

'tp{ei{x),9i{y)) = TiE/Qitx • Ly) 
iai;)i9[ix),9[iy)) = TiE/Qitxx ■ ty) 

and 

f 

commutes. Let a = 9[o 9^^; then 

(crV')(ax,ay) = TiE/qiixOi'^ix) ■ iO^^{y)) = i^{xx,y) 

and (onVfiA)), 

a = 9[o fo9^^ = 9[o9-^o f = ao f. 

Conversely, let a be as in (14.21 ) and choose 9[ so that a = 9[ o 9^^ . The argument can be reversed 
to deduce (14. lb . □ 

Definition of /<i>(cr) 

Let (£', <&) be a CM-pair with E a field. In (13.91 ) we saw that gives a well-defined homomor- 
phism Aut(C/£'*) — > Aj ^/E^. In this subsection, we extend this to a homomorphism on the 
whole of Aut(C). 

Choose an embedding E C, and extend it to an embedding i : E^^ C Choose elements 
Wp G Aut(C), one for each p G Hom(£', C), such that 

Wpoi\E = p, w,p = LWp. 

For example, choose Wp for /o € $ (or any other CM-type) to satisfy the first equation, and then 
define Wp for the remaining p by the second equation. For any a € Aut (C) , w^p awp oi\E = w^p o 
ap\E = i. Thus i-^ow-^awpoi £ Ga^E^^"^/^), and we can define F$ : Aut(C) ^ Gal{E^^/E) 
by 

Lemma 4.4 The element F$ is independent of the choice of {wp}. 

Proof. Any other choice is of the form w'p = Wphp, hp G Aut{C/iE). Thus F^{a) is changed by 
° (Ylipe^ ^aifihif) ° i- The conditions on w and w' imply that /i^p = hp, and it follows that the 
inside product is 1 because a permutes the unordered pairs {ip, Lip} and so IlipG* — Tli/je* ^aip-n 

Lemma 4.5 The element F$ is independent of the choice ofi (and E C). 

Proof. Any other choice is of the form i' = a o i, a £ Aut(C). Take w'^ = Wp o a^^, and then 

= Y\.i'^ ° {c^w:;^Tw^a'^) oi' = F$(r). ^ 
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Thus we can suppose C C and ignore i; then 

F^{a) = Yl w^law^ mod Aut(C/^^^) 

where the Wp are elements of Aut(C) such that 

Wp\E = /9, W,p = iWp. 

Proposition 4.6 For my a G Aut(C), there is a unique /$(cr) G Aj ^/E^ such that 

(a) arte(/$(CT)) = F$(f7); 

(b) U{a)- iU{a) =x{(T)E'',x = Xcyc■ 
PROOF. Since art^; is surjective, there is an / G ^/E^ such that art£;(/) = F$(cr). We have 

art£;(/ • i/) = artB(/) • art£;(i/) 

= art£;(/) • tart£;(/)t"^ 
= F$(a)-F,$(a) 
= Ver£;/Q((T), 

where Ver^; /q : Gal(Q'^7Q)^'' ^ Gal(Q^V-^)^'' is the transfer (Verlagerung) map. As Ver^ /q =art£;o 
X, it follows that f • if = x(c")F^ modulo Ker(art£;). Lemma [3^ shows that 1 + i acts bijectively 
on Ker(art£;), and so there is a unique a G Ker(art£;) such that a ■ m = {f ■ if /x{cr))E^ ; we must 
take /$(o-) = //o. □ 

Remark 4.7 The above definition of f^{a) is due to Tate. Th e original definition, due to Lang- 
lands, was more direct but used the Weil group ( Langlands 19791 §5). 

Proposition 4.8 The maps f^p : Aut(C) ^ A^^/£'^ have the following properties: 

(a) U{(7t) = fr^{a) ■ U{t); 

(b) U(r-^E){cr) = rU{a) if tE = E; 

(c) Ml) = 1. 

Proof. Let / = /r<i>(cr) • /$(r). Then 

art£;(/) = Fr^{a) ■ F$(r) = w^^^ • awr^ ■ w:;^ ■ tw^ = F^{aT) 

and f • if = x{'^)x{t)1^^ = xi^''')^^ ■ Thus / satisfies the conditions that determine f^{cTT). 
This proves (a), and (b) and (c) can be proved similarly. □ 

Let E* be the reflex field for {E, so that Aut(C/£^*) = {fi G Aut(C) | = Then 
$ Aut(C/£;) = U<^e$ 93 • Aut(C/£;) is stable under the left action of Aut(C/S*), and we write 

kni{C/E)^-^ = U ^ ■ Aut(C/£;*) (disjoint union). 

The set ^' = {il)\E*] is a CM-type for E*, and {E* ,-^) is the reflex of {E, The map a ^ 
Yl^e^ : E* —>■ C factors through E and defines a morphism of algebraic tori A'^^ : T^* —>■ T^. 
The fundamental theorem of complex multiplication over the reflex field states the following: let 
a G Aut(C/£^*), and let a G A^^JE*^ be su ch that art/?* (a ) = a; then (I4TTT ) is true after / has 
been replaced by N^{a) (see Theorem 13. 10[ also Shimural[l97lL Theorem 5.15; the sign differences 
result from different conventions for the reciprocity law and the actions of Galois groups). The next 
result shows that this is in agreement with (14.11 ). 
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Proposition 4.9 For any a G Aut(C/^*) and a G A^^,/S*^ such thatart£.(a) = cr|^*^^, 
iV$(a) G /$(ct). 



Proof. Partition $ into orbits, $ = Uj^>j, for the left action of Aut(C/^*). Then Aut(C/£;)$-^ = 
Uj.Aut(C/-E)$Ti,and 

Aut(C/^)$J^ = Aut(C/S)(a-^ Aut(C/S*)) = {B.omE{Lj,C) ° (^J^) Aut(C/S*) 

where aj is any element of Aut(C) such that aj\E G and Lj = {aJ^E*)E. Thus A^$(a) = 
n 6j, with bj = Nmi^,/s(a7i(a)). Let 

Fj{a)= JJ (mod Aut(C/E^'')). 

We begin by showing that Fj{a) = art£;(6j). The basic properties of Artin's reciprocity law show 
that 

injective ^^L^/K 



art^ 



art^Lj 



art£, artK 



Gal(£;''V^) ajGal{Lf/Lj)a-^ Gal{Lf/Lj) Ga\{K^^/K) 

commutes. Therefore art£;(6j) is the image of art^;. (a) by the three maps in the bottom row 
of the diagram. Consider {t^ | = w^paj^ , ip G ^j}', this is a set of coset representa- 
tives for aj Aut{C/ Lj)aJ^ in Aut(C/£;*), and so Fj{a) = n<pe<i> = 
mod Aut(C/^*). 

Thus art£;(7V$(a)) = l\artE{bj) = l\Pji^) = F'S>{cr)- As iV$(a) • LN^{a) G Xcyc(<7)S^ (see 
13.71 ). this shows that Nij,{a) G □ 

Proof of Theorem Hil] up to a sequence of signs 

The variety a A has type {E, cr<I>) because (7<I> describes the action of E on the tangent space to a A 
at zero. Choose any i^-linear isomorphism a : Hi{A, Q) —>■ Hi{aA, Q). Then 

VfiA) ^ VfiaA) Vf{A) 
is an Aj^£;-linear isomorphism, and hence is multiplication by some g G Ay ^; thus 

{a 1) o g = a. 

Lemma 4. 10 For this g, we have 

{a^){^x,y) = M)(x,y), a]]x,y G Vf{aA). 

Proof. By definition, 

{a^Jj){ax,ay) = a{Tp{x,y)) x,yGVf{A) 
{aip){ax,ay) =ip{x,y) x,yeVf{A). 

On replacing x and y by gx and gy in the second inequality, we find that 

{aip){ax,ay) = ^p{gx,gy) = i){{g • ig)x,y). 
As a{ip{x, y)) = x(c)V'(a;, y) = il){x{(y)x, y), the lemma is now obvious. □ 
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Remark 4.11 (a) On replacing x and y with ax and ay in (14.101 ). we obtain the formula 

= {a'tp){ax,ay). 

9 ■ 1^9 

(b) On taking x,y e Hi{A,Q) in (14.101 ). we can deduce that Xcyc(o")/5 • l9 G E^; therefore 
9 ■ 1-9 = Xcyc(o-) modulo E"" . 

The only choice involved in the definition of g is that of a, and a is determined up to multipli- 
cation by an element of E^ . Thus the class of g in ^/E^ depends only on A and a. In fact, it 
depends only on {E, <I>) and a, because any other abelian variety of type {E, <I>) is isogenous to A 
and leads to the same class gE^ . We define g<s,{a) = gE^ G ^/E^ . 

Proposition 4. 12 The maps g^^, : Aut(C) A^^/E^ have the following properties: 

(a) c/$(cjr) = gr<s>{cr) • 5$(r); 

(b) 9-s>{t-^\e){(^) = rg-^ia) ifrE = E; 

(c) gq,{L) = 1; 

(d) c/$(cr) • Lg^{a) = Xcyc{cr)E'^. 

Proof, (a) Choose £'-hnear isomorphisms a: Hi{A,Q) Hi{tA,Q) and /3: Hi{tA,Q) 
H\{aTA, Q), and let g = {a® l)""*^ o r and gr = {fi ® 1)^^ o a so that g and g^j represent 5<i>(t) 
and gT^{a) respectively. Then 

(/3a) O 1 o (^f^c,) = {j3 <^ I) o g^ o {a I) o g = UT, 

which shows that grg represents (7$ (err). 

(b) If {A, E ^ End(^) ® Q) has type {E, $), then {A, E ''^ E ^ End(A) ® Q) has type 
{E, <I>T~^). The formula in (b) can be proved by transport of structure. 

(c) Complex conjugation i: ^ — > is a homeomorphism (relative to the complex topology) 
and so induces an S-linear isomorphism ii : Hi{A, Q) Hi{A, Q). The map ii Cg) 1 : Vf{A) 
Vf{iA) is t, again, and so on taking a = /-i, we find that g = I. 

(d) This was proved in (I4.11H ). □ 

Theorem (14.21 ) (hence also 14.11 ) becomes true if /$ is replaced by g^. Our task is to show that 
/$ = g^. To this end we set 

e^{a) = g^{a)/U{a) G A^,,/E\ (31) 

Proposition 4.13 The maps e$ : Aut(C) A'^ ^/E^ have the following properties: 

(a) e$((TT) = eT$(o") • e<j>(r); 

(b) e$(^-i|£;)(fT) = Te$(o-) ifrE = E; 

(c) e$(i) = 1; 

(d) e$(<T) • i£;e#(cT) = 1; 

(e) e$((T) = 1 if 0-$ = <I>. 

Proof. Statements (a), (b), and (c) follow from (a), (b), and (c) of (14.81 ) and (14.121) . and (d) follows 
from (14.6b ) and (14.121 1). The condition <t<I> = <I> in (e) means that a fixes the reflex field of {E, ^) 
and, as we observed in the preceding subsection, the fundamental theorem is known to hold in that 
case, which means that /<i>(cr) = g$(cj). □ 
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Proposition 4.14 Let F be the largest totally real subHeld of E; then e$((T) G A^^/F^ and 
e#((T)^ = 1; moreover, e^{a) depends only on the effect of a on E* , and is 1 if a\E* = id. 

Proof. Recall that a fixes E* if and only if = in which case (I4.13fe ) shows that e$(cr) = 1. 
Replacing r by a^^r in (a), we find that e$(T) = ec^{a) if r<I> = (T<I>, i.e., e$((T) depends only on 
the restriction of a to the reflex field of (£', <I>). From (b) with t = l, we find using = ^le that 
et$(o") = te$((T). Putting r = i in (a) and using (c) we find that e^{ai) = z.e$((T); putting a = l 
in (a) and using (c) we find that e$(tcj) = e$(cr). Since ia and ai have the same effect on E*, 
we conclude e<s,{a) = te$((j). Thus e$((T) e (Aj^^/ E^)^'-'^\ which equals A^^p/F^ by Hilbert's 
Theorem 900 Finally, (d) shows that e<j)((7) = 1. □ 



Corollary 4.15 Part (a) of (4. lb is true; part (b) of H.lb becomes true when f is replaced by ef 
with e e A^^^, = 1. 

Proof. Let e S e^{a). Then £ and, since an element of F^ that is a square locally at all 



finite primes is a square (IMilndlCFTI VIII 1.1), we can correct e to achieve = 1. Now (14.11 ) is 



true with / replaced by ef, but e (being a unit) does not affect part (a) of ( 14.11 ). □ 
It remains to show that: 

for all CM-fields E and CM-types $ on F, e$ = 1. (32) 

Completion of the proof 

As above, let {E,^) be a CM pair, and let e$(cr) = g^icr)/ f<s>{cr) be the associated element of 
A^^/F>^ . Then, as in (14041 ITTSl) . 



e$(a) G ^2(A/,F)//i2(F), a G Aut(C). 



Let 



e G fi2{^f,F)> e = (e„)„, = ±1, w a finite prime of F 

be a representative for e^{a). We have to show that the e^'s are all —1 or all +1. For this, it suffices, 
to show that for, for any prime numbers £i and £2, the image of e$((T) in fJ-2{Fei x ^£2) / f^2{F) is 
trivial. Here = F (g)Q Q^. 

In addition to the properties (a-e) of (I4.13I ). we need: 
(f) let E' be a CM-field containing E, and let be the extension of $ to F'; then for any 
cr G Aut(C), 

e$ (a) = e$/ (o") (in A^^^^F""). (33) 

To prove this, one notes that the same formula holds for each of /$ and 5$: if A is of type (F, <I>) 
then A' = A(g)EE' is of type (F', ^>'). Here yl' = A^ with M = RouiE-imeaiiE' , E) (cf. [L26l) . 

Note that (f) shows that e$' = 1 e$ = 1, and so it suffices (l32l ) for F Galois over Q (and 
contained in C). 

We also need: 



'^The cohomology sequence of the sequence of Gal(i?/_F)-modules 



4 THE FUNDAMENTAL THEOREM OVER Q 



32 



(g) denote by [$] the characteristic function of C Hom(ii^, C); then 

m = ^ JJ . (a)"' = 1 for all a e Aut(C) . 

This is a consequence of Deligne's theorem that all Hodge classes on abelian varieties are absolutely 
Hodge, which tells us that the results on abelian varieties with complex multiplication proved above 
extend to CM-motives. The CM-motives are classified by infinity types rather than CM-types, and 
(g) just says that the e attached to the trivial CM-motive is 1. This will be explained in the next 
chapter. 

We make (d) (of 14.131 ) and (g) more explicit. Recall that an infinity type on £^ is a function 
p: Hom(ii^, C) —>■ 7, that can be written as a finite sum of CM-types (see §4). Now (g) allows us to 
define Cp by linearity for p an infinity type on E. Moreover, 

e2p = = 0, 

so that Cp depends only on the reduction modulo 2 of p, which can be regarded as a function 

p: Hom(S,C) Z/2Z, 



p{<f) + p{L<f) = for aU (p (34) 



such that either (weight 0) 
or (weight 1) 

p{ip) + p{Lip) = 1 for all if. 

We now prove that Cp = 1 if p is of weight 0. The condition (|34] ) means that p{ip) = p{ip), and 
so p arises from a function q: Hom(F, C) Z/2Z: 

-p{^)=q{^\F). 

We write = ep. When £^ is a subfield of C Galois over Q, (b) implies that there exists an 
e(o-) e H2{^f,F)/fJ'2{F) suchthaS 

^''(^) = ^"'«^))'^^^' ^ e Aut(C). 

Write e{a) = e^{a) to denote the dependence of e on F. It follows from (f), that for any totally 
real field F' containing F, 

e^{a) = Nmp//p (a). 

There exists a totally real field F', quadratic over F, and such that all primes of F dividing ii 
or £2 remain prime in F'. The norm maps ijl2{F2/) —>■ P2{Fi,t ) are zero for £ = £i,i2, and so 
e^{a) projects to zero in p2{Fi-^) x p2{Fe2) / P2{F) . Therefore eq{a) projects to zero in p.2{Fi-^ x 
Pe.2) / 1^2{F). This being true for every pair (£i,£2). we have Cq = 1. 

We now complete the proof of (l32l ). We know that ep depends only on the weight of p, and 
so, for $ a CM-type, e^{a) depends only on a. In calculating e^{(T), we may take E = Q(\/— T) 
and <I> to be one of the two CM-types on Q[\/— 1]. We know (see 14. 141) that e$((T) depends only on 
(j\E* = Q[^^]. But e$(l) = 1 = e$(i) by (I4l3b ). 



'For each ip: F C, choose an extension (also denoted ip) of (p to E. Then 



and so 

I/O I/O 



def 

'pC^) = I L 

■we can take e(cr) — ei+,,{a). 
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Aside 4.16 Throughout, should allow ii^ to be a CM-algebra. Should restate Theorem 14.21 with 
C replaced by Q'^^; then replace C with Q*^^ throughout the proof (so cr is an automorphism of Q^^ 
rather than C). 
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